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Abstract
This short note provides a counterexample to a conjecture of Erdo˝s on non-3-colorable planar
graphs with exactly four triangles. c© 2002 Published by Elsevier Science B.V.
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In a survey paper on 3-colorings of planar graphs, Steinberg states the following
open problem ([2], Problem 7.2) by Erdo˝s [1]:
If G is a non-3-colorable planar graph with exactly four triangles, is it true that
G must contain K4, or the graph G16, or the graph G22?
Here K4 is the complete graph on 4 vertices, G16 is a certain planar graph on 16
vertices (depicted in Fig. 5a in [2]), and G22 is a certain planar graph on 22 vertices (de-
picted in Fig. 6a in [2]). The following graph G on 13 vertices disproves this conjecture:
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Indeed the graph G is planar, and it contains the four triangles Habc, Hadg, Hbm‘,
and Hk‘m. G does not contain K4. Since G has only 13 vertices, it can neither contain
G16 nor G22.
Finally, we argue that G indeed is non-3-colorable. Suppose otherwise, and consider
a 3-coloring of G. The vertices a, d, g of the triangle Hadg must all be colored
diIerently; without loss of generality, the color of a is 1, the color of d is 2, and the
color of g is 3. Since b is adjacent to a, it can only be colored 2 or 3. In the Jrst case,
we assume that b is colored 2. Then c must be colored 3 and e must be colored 1. But
now f cannot be colored, since it is adjacent to e (with color 1), b (with color 2),
and g (with color 3). In the second case, we assume that b is colored 3. Then one of
m and ‘ must receive color 1, and the other must receive color 2. These two cases
are symmetric to each other, and without loss of generality m is colored 1 and ‘ is
colored 2. Then h must be colored 1, j must be colored 2, and k must be colored 3.
But now i cannot be colored, since it is adjacent to h, j, and k.
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